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Fitting Straight Lines with Replicated Observations
by Linear Regression: Part Il. Testing for Homogeneity
of Variances

Ana Sayago and Agustin G. Asuero
Department of Analytical Chemistry, Faculty of Pharmacy, The University of Seville,

Seville, Spain

The purpose of the previous, this, and subsequent articles in the series is to deal with the fitting
of a straight line to experimental data in those cases in which replicate observations are realized.
Special attention has been paid in this occasion to the straight line model, to the determination
of the variance from a number of small samples, and to the problem of testing for homogeneity
of variances. Ideally, weights should be determined by replicate measurements. However, little
attention has been paid to the effect of replicating the response measurements in the context
of regression analysis. Several methods that compare variances at different factor levels, such
as the F, Bartlett, Cochran, Burr and Foster, Hartley, and Levene tests have been envisaged.
Weighting and data transformation and variance analysis will be the subject of a future report.
The authors expect the results of this critical review to be of value to investigators making use

of these methods and also in the teaching.

Keywords least squares method, replicated observations, straight line model, straight lines, testing

for homogeneity of variances

THE STRAIGHT LINE MODEL

The most immediate goal of scientific or industrial exper-
imentation is (1-4) to find relationships among manipulated,
x, and observed, y, variables, or to validate such relationships
coming from some underlying theory, y = f(x, p), where p is
the number of parameters in the model. In many applications
the model is based on a theoretical relationship that governs
(5-6) the system, and its parameters have some well-defined
physical meaning. In this context, “simple problems—as indi-
cated by Deming (7 p. 14)—afford nearly as much opportunity
for thought in the field of statistical inference as the more com-
plicated ones do.” Regression analysis has extremely wide use
(6, 8-10) in many fields of science and technology (i.e., in
chemistry and pharmacy). The 1993 International Conference
on Harmonization (ICH) guidelines on Stability Testing of New
Drug Substances and Products establish, for example, the use
regression analysis to define the shelf lives of drug products
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(11-12). We will label an individual measurement on a given
sample as y;, this means that we are dealing with the vth mea-
surement on the ith sample. If all v; = 1, so that there is only
one observation on y ateach x, we have a special, and important,
case for which the analysis, both theoretical and arithmetical, is
simpler (13). For the purpose of the present exposition we will
assume that the y;, values are linearly (first-order model) related
to the x; values (14), and that no error is involved in the x;’s.
We are concerned with a linear function relationship n = f{§)

n=o+aé [1]

The true variables 1 and £ are unobservable, only experimen-
tal variables x;, y;, can be observed. Thus, the linear relation
that constitutes the statistical model with replicates for our data
(15-16) is

Yiv = Qo + a1X; + &jy (2]

where (x;, y;,) is the ith pair of associated x; and y;, values, o
and o are the model parameters to be estimated on the basis
of the finite test, and &;, is the error associated with the mea-
surement y;,. In fact ¢;,would be difficult to discover since
it changes for each observation y;, which will be assumed
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uncorrelated (mutually independent) random variables, with
mean zero and unknown variances o2 /w;, where o is a con-
stant and w; is the weight of points iv. Variances can depend on
the response, on the predictor, or possibly on other factors. The
variance is the square of the standard deviation of the y-value,
of any particular value of x. Each measurement y;, is the sum
of two terms, the expected value E{y;,} = oo + o1 x; (deter-
ministic part) of the parameters (e.g., we assume that the model
is correct and there are no systematic measurement errors), and
the error term or disturbance which perturbs the response for
that case (stochastic part); €;, = yi, — o9 — o1%;, the differ-
ence between the observed value and the true value 5;,. For
n; genuine replicates, in which x; is fixed, the model can be
written

Vi =ap+ajx; + & [3]

where

— Zy:'v

yi = (4]
n;

g = (51
n;

We assume then that the values of the independent variable
x are known without error or that the observed values of the in-
dependent variable can be chosen and set by the experimenter.
In the latter case, we have the controlled independent variable
model of Berkson (17) which reduces to the above model. If for
any reason the precision with which the x; values are known is
not considerably better than the precision of measurement of
the y;, values, the statistical analysis given here is not valid and
a more general approach is necessary (18-22). Now, the true
values of the regression parameters, «, called the intercept,
offset, or blank value (calibration), and «;, called the regres-
sion coefficient, slope, or sensitivity (calibration), are unknown
in Equation 3. However, x; remain fixed, and although we can-
not find them exactly without examining (23-24) all possible
occurrences of y and x, we can use the information provided
by the different observations y;, to give us estimates ay and a;
of @y and «1; thus, we can write

i =ao +arx; (6]

where y, read “y hat,” denotes the predicted value of y; for
a given x;, when gy and a; are determined. Equation (6) could
then be used as a predictive equation; substitution for a value
of x; would provide a prediction of the true value of y; for that
x;. The residuals, e;,, are the differences between the responses
actually measured, y;,, and those predicted by the model, ¥,
ey = Yiv — Yi. After the performance of the experiments, one
should first evaluate the data graphically. Often this permits an
easy detection of important problems. A good way to do this is
by examining the residuals (23). In spite of the importance of
this topic, it is not included in the International Organization

for Standardization (ISO) recommendations (25-26). Residual
plots can be used to give information about the error structure
of the data, and hence the appropriate weighting factors to be
used in the analysis (27). The residuals, ¢; = (Ze;y)/n;, are
estimates of the error terms &; and should have approximately
the same properties. Accordingly, they should show no system-
atic trends or outliers; if they do, they call into question the
assumption underlying the regression model (1, 2, 11). The use
of small roman letters ap and a; to denote estimates of the pa-
rameters given by Greek letters «( and « is standard. However,
the notation & and & for the estimates is also frequently seen.
We use the first type of notation in this article. Since Equa-
tion 6 is algebraically equivalent to x = aj + ay, one might
expect a; = 1/aj and ay = —ay/a) (28), but the best values
do not satisfy these equalities because the equations are not
statistically equivalent (the two lines are not the same except
in the hypothetical situation when all the points lie exactly on
a straight line). The discrepancy cannot be eliminated (29) by
weighting. Moreover, measurements of y are subject to random
experimental errors so we cannot replace y and x by the values
of y; and x; to write a simple equation for the line (24).

The purpose of weighting factors is to make constant
the variance of the weighted y; values. The weighted
disturbances VW, - &, should be normally distributed with con-
stant variance. The notation wy, for the weight of y; is due to
Deming (7). In principle, weighting factors wy, are based on
the information error of y at position x;. Only relative weights
are needed, and for replicate data with constant variances all
weights are usually equal to »; (7) and in absence of replication
equal to 1 (30). However, in the weighted model we set ,/wy, yi
as the weighted observation. According to Equation 3 we get

A/w)-,[~)7i=A/w;,‘.~a0+axwy[~a1xl~+4/w;}-éi [7]

the terms /wy, - a9 and ,/wy; - a1x; remain fixed (free from
errors) and then the variance of the weighted observations
can be shown to be constant (31), by using the formula
Var (ay) = a®Var (y), where a is a constant and wy, = n;w;

(7

_ i, Var (y;)
Var (,/wy, - ¥;) = wy, Var (§;) = niwiTl = wiaiz =2

(8]

(0> = constant). Ordinarily, the values of the adjustable param-
eters which lead to a minimum in the sum of weighted squares
deviation from the true line

S(ao, 1) = ) wy, (i — @ — 1x;)’ [9]

are found by differentiating the sum with respect to each pa-
rameter in turn (o and o1 ), and equating the derivatives to zero,
the coefficients of which, the estimates ay and a;, may be cal-
culated. Note that for linear models, derivatives with respect to
any of the parameters are independent of all the parameters.
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EVALUATION OF SLOPE AND INTERCEPT
0S/0ay = 0 (we substitute «g and o for ap and a; when
we equate 0S/da; = 0; i =0, 1) gives

—alfc [10]

<

ap =

where X and y are the weighted means of the x; and y; values,
respectively.

- Zw)_'ixi
X = 72 ws [11]
- 2wy

- i [12]
Y Zw)_’i

Remember that y; is the mean of the replicate measurements
carried out in the run i. The double overbar for the grand mean
is used in ISO 5725-2 (32). This means that the weighted cen-
troidal point (X, ):1) lies on the fitted line. An error in the value
of y leads to a constant error in y for all points on the line,
the line being translated up or down without a change in slope.
Equations 10-12 are also valid when there is an error in both
x and y coordinates at some or all of the observed points, but
in those cases (33-34) the weight in each point is a recipro-
cal function of both variances of x and y values as well as the
squared slope (w; = 1/(Var y; + afVar Xi)).

On the other hand, Equations 9-10 lead to

S, @) = Y w5, (i — § — orx — X))’
= Syy — 20 Sxy + @3 Sxx [13]

where Sxx and Syy are the sums of the squares of deviations
from the mean for the two variables (x and y) and Syy is the
corresponding sum of the cross-products

Sxx = Z wy, (x; — %)

2
=Y 2—(22“)7) [14]

Sxy = Z wy, (x; — X)(Fi — )
= Yy - ) (o en ) [15]

Zwyi
_\2
Syy = Zwyi()’i -3’ = Zwyi)_’iz - (22131)7;%) [16]

This notation is similar to that used in unweighted linear re-
gression (23). Similar shortcuts were due to Gauss (7). The first
forms in Equations 14—16 require the computation of (x — X)
and (y — y) for all observations. This may be tedious if x and y
involve several decimal places, and the computation of products
and squares becomes more laborious than the direct operation
with the second form in Equations 14—16, which is normally
performed (23, 35-37) in pocket calculators. It is worth noting
that the first and second parts of the right member of the second

form of Equations 14-16, involve the subtraction of two large
positive quantities from each other. Therefore, these equations
are potentially inaccurate if only a limited number of significant
figures are carried out on calculators and computers (36-37).
As a matter of fact, the forms of Equations 14—-16 are unstable.
They have the property that they suffer (38-39) from subtractive
cancellation for data sets with small coefficients of variation (the
ratio of standard deviation s to the mean x). To avoid rounding
errors, it is best to carry as many significant figures as possible
in these computations. Rounding is best done at the reporting,
not intermediate, stage of a calculation. Most digital comput-
ers, because of their round off characteristics (23) provide more
accurate answers using the first forms in Equations 14-16.
Then, 0S5/0a; gives

Sxy _ > wy (i — )G — ) _ > wy (x — X))y
Sxx Sxx Sxx

a) =
[17]
since the other term removed from the numerator is

Dowsi—DF=F Y wy (G -1 =0  [18]
Equation 17 and

2wy i 2wy (i —X)(Fi —§) Y wy i
2wy, > wy, (x; — X)? 2wy,

_ >owy, yi - > wy, (xi — 0= wy, (x; — )T — §) - Y wy, X
B 2wy, 2wy, (x — X)?

ay=y—ax=

[19]

should always be calculated on a computer (35, 40) in pref-
erence. Fitting a straight line through the origin represents a
strong assumption, which in general is not justified. Even when
the model is known to pass through the origin, it does not mean
that a straight line fit through the origin is necessarily appropri-
ate (23). The question of whether to force the regression line
through the origin has been discussed in detail (13). Though in
most analytical situations ay = 0 could be justified by theory,
reality is rarely as simple as theory, for example, the lack of se-
lectivity, or unexpected interaction between chemical species
4.

Equation 17 shows that the parameter estimates are weighted
linear combinations of all y;, the magnitudes of the weight
coefficient depending on the location of experimental data. This
important conclusion tells us that when a value of x; is far
from the mean X, the weight is large so that the point (x;, ¥;)
has a great “weight coefficient,” and is more significant in the
estimate (23).

VARIANCE OF THE ESTIMATED PARAMETERS
AND PREDICTED VALUES

By applying the random error propagation law (42) and rec-
ognizing that x has a negligible error, from Equation 17 we
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get

1
Var (a;) = STVar<Z («/wy, (x; — X)/wy, }_’))
XX

2

= —(Sxxod) = — 20
S)%X( xx 0°) Sx (20]
The variance of the weighted mean y is given by
- Do Wy, yi
Var (y) = Var =
( Z Wy,
_ Var(Y (Vs (V5 3) _o” 1]

(Z wy‘.)2 Zw)_’i
Taking into account that y = ) a; /Wy and a; =

> ¢ /Wy, ¥; where
Wy, /wy, (x; — X
S Al ( ) [22]

Ywy Sxx

we get

Cov(a, c) = (Z a,-ci>Var(\/w_5,i . )7,-)

- <—Z s (s — %) )0—2 =0 [23]
Sxx D_ wy,

and so, y and a; are uncorrelated random variables. Then, from

Equation 19 we have

Var (ap) = Var (¥) + %> Var (a;) [24]

and taking into account Equations 21, 20, and 24, the variance
of intercept is given by

1 22 ZIU?, X<2
Var (ag) = + o’ = <#>02 [25]
() (Z wy, SXX> Sxx Y- wy,

If we now apply the propagation variance law to Equation 10
one rewritten as y = ag + a; X, we obtain

Var (y) = Var (ao) + x> Var (a;) + 2% Cov (ag, a1)  [26]

and on rearrangement and taking into account Equations 21,
25, and 20,

Var (¥) — Var (ag) — X*Var (a,) _o?
Cov (a(), al) = % = — S—
XX

= —XxVar (a;) [27]

Estimation of the parameters and their associated errors is
not the end-all of linear regression. Usually, these results are
used to “predict” values of one of the data variables based on a
value of the other variable (15). If these values are within the

range of the x data, itis termed “interpolation.” If they are not, it
is termed “extrapolation.” Extrapolation is strongly discouraged
because it cannot always be correctly assumed that the model
on which the experiment is based will hold outside the limits
of the actual data.

The fitted regression equation is

yi=y+a(x; — %) [28]

where both y and a; are subject to error, which will influence
9;. Let x; be a selected value of x. The predicted mean value of
9 for this value of x is

Var (§;) = Var (3) + (x; — X)*Var (a;)
(x; — %)

1
B <Zw>",- * > wy(xi — X)?

This formula applies only to values of y predicted from values
of x that were included in the x data set. We might expect to
make our test prediction in the middle of our observed range of
x and would expect our prediction to be less good away from the
middle. The expected value of ¥ iSE [y] = g+ x = 5. Thus,
¥ is a linear function of ay and a; and the latter are too linear
functions on y; which is normally distributed, and therefore y
is also normally distributed. A new observation yy at xo will be
distributed about 1y with a variance o /wsy, independently of Jy,
so the expectation E[yy — y9] = 0 and the variance is

>02 [29]

2
A a A
Var (yo — Jo) = — =+ Var (jo)
Wy
1 1 xo — X)?
_ (_ L n (xo — X) _
Wy, Z Wy Z wﬁo(xo —X)
where wy, is a weighting factor appropriate to the value of .
Thus, for values of y, 3, predicted from new values of x, x¢, an
extra component of y variance must be added to the variance
of Equation 29 to obtain the variance of Jy.
The weighted residuals are defined as the k differences

)az [30]

Jwy e = Jwy, (i — $i) [31]
i = 1,2,k, where y; is the mean of the y;, values and ¥;

is the corresponding fitted value obtained by use of the fitted
regression equation (the observed errors in the model are cor-
rect). In order to examine the residuals in the weighted model,
the weighted residuals may be plotted versus predicted values,
chronological order of measurements, observed values, and de-
sign variables (23).

The estimate of variance provided by the weighted squared
residuals is given by (3, 5, 7, 15)

X wy (i — 97 Syy —aiSxx
T k-2 k-2

(32]

Sﬁ/x
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The estimated variances of ag, a;, and y are obtained simply by
replacing o2 by sjz, |, in the above equations. For the weighted
case, the size of 52 /¢ 1s directly affected by the relative size
of the weights, and thus is not usually an estimate of o' (15).
However, it is needed for calculating estimates for the variances
of the intercept and slope.

Interval estimates (prediction intervals) for the parameters
aop, ay, and n are given by their statistic &= ,/>- (estimated vari-
ance of the statistics)'/?, where ¢ r.a/2 1s that value of Student’s
t statistic (with f = k — 2 degrees of freedom) such that the
probability of 1, > t74/» equals /2. To obtain simultaneous
confidence curves appropriate for the whole regression function
over its entire range, it would be necessary to replace 7,1 —1/2q)
by V2F @.k—1.1-«)- The confidence region for the entire line,
the Working-Hotelling region is given by (14)

1 x -7, )‘/2
+(2F ¢4 f, 33
doFa ( 2t [Z wy, " Sxx }sm 3]

WEIGHTED VERSUS UNWEIGHTED
LINEAR REGRESSION

Contrary to the effect of adding in x-errors (43), the weighted
adjustment causes no severe impediments to obtain formulas
for the slope and intercept. If a weighted least squares analy-
sis was called for but an ordinary least squares analysis was
performed, the estimates obtained would still be unbiased but
would not have minimum variance, since the minimum vari-
ance estimates are obtained from the correct weighted least
squares analysis (1). The confidence limits for weighted regres-
sion lines show the weighted centroid (X, ¥) closer to the origin
than its unweighted counterpart (44-46). The precision varies
with the position on the graph. A given graph shows maximum
absolute precision at an x-value equal to the weighted mean
X-value. Variance is greater at both higher and lower x-values.
It increase rapidly with x-values at x-values above the highest
x-level.

The incorporation of the heteroscedasticity in the calibra-
tion procedures is recommended/prescribed by several interna-
tional (ISO 9169, ISO/CD 13-752) standards (25-26). The In-
ternational Union of Pure and Applied Chemistry (IUPAC) has
incorporated the issue of “heteroscedasticity” or nonconstant
variance into their recommendations for calculating limits of
detection and quantification (47). Calculations of weighted re-
gression lines with replication are evidently more complex than
unweighted regression computations (48-49). Many commer-
cial software packages for data analysis include weighted least
squares (usually without replication). Unfortunately spread-
sheets do not (yet) do so, although macros are available to rem-
edy this deficiency (2, 50). The necessity to retain many extra
figures in the calculations is characteristic of this approach to
the least squares. Before proceeding with use of weighted least
squares, however, the analyst should consider the possibility
(31) that large variations in variance could due to nonoptimum

instrument operating conditions. Correction of problem such as
a noisy lamp in fluorimetry will usually yield greater improve-
ments than better statistical techniques.

DETERMINING THE VARIANCE FROM
A NUMBER OF SMALL SAMPLES:
PURELY EXPERIMENTAL UNCERTAINTY

Linear least squares regression is widely used to analyze
the results of calibration curves or standard addition methods
(51), but it requires repeated observations of standard solu-
tions in order to properly verify homogeneity of variance and
linearity. For a statistical evaluation of the results, one should
check whether the data are free from outliers. Outlying points
may disturb the normality of the data, which is required by
most of the tests used to examine the behavior of the vari-
ance and the goodness-of-fit (52). Tests to trace single outliers,
namely the Dixon (53) and the Grubbs (54-55) tests may be
applied. We now consider a number of populations of differ-
ent means %; but with common variance 2. The problem is to
find the best estimate of this common variance o2. Since the
individual variances are found from (genuine) replicate read-
ing, it follows (if the y;, are independent random variables
with variance o?) that each of the sample variances are given
(56) by

D DG T ) s
== T [34]
n; — 1 f,
(i=1,2,...k)wherey;,isthe vthobservation(v=1,2,...n;)
at x; and y; is the mean of the y values at x;, Q; is the contribu-
tion to the pure error sum of squares from the n; observations
at x; (internal sum of squares of the y;, about their average ;),
and f; is the respective number of degrees of freedom. To avoid
difficulties with false (single) outliers, the number of replicate
measurements (52) at each x level (i.e., concentration in cali-
bration) should be sufficiently high (at least >4). On the other
hand, the minimum number of observations necessary to obtain
a useful estimate of standard deviation is six (57). However, this
is barely realistic in a routine operation in order to avoid the
increase in cost and time of analyses.

For those experiments that were not replicated, the mean
response is simply the single value of response. Each of the k
calculated sample variance values si2 are estimates of the pop-
ulation variance o2 of the parent distribution. Thus being so,
all s? values may be combined in order to yield a better value
for o2. The pooled replication variance for all experiments is
equal to (58) the weighted mean of the individual variances; the
weights being the degrees of freedom

k k
§2 = 219 . > fist
=<k s T k
2afi o X
The number of degrees of freedom of the pooled variance
is equal to the number of observations minus the number of

[35]
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constraints used to determine the k means (56)

k k k
Yo=Y m-H=) n—k [36]
1 1 1

From Equations 34-36, we get

k ) _
2= i (e — )2
Zf=1 n; —k

the numerator of the right hand of Equation 37 being the to-
tal pure error sum of squares. The total number of degrees of
freedom for the total reproducibility variance, 52, is markedly
greater than for each variance taken separately. Therefore, the
total replication variance gives a far better estimate of the pop-
ulation variance 2. Note that the pure error mean square 5°
contains only deviation from the group averages that are inde-
pendent of the model used; it consists of a within group sum of
squares not containing the parameters of the model, and there-
fore is an estimate of o2 irrespective of whether the model being
fitted is correct or not (59).

Complete symmetry of replication makes the arithmetic
computation easier, allows dealing with missing values in a
logical way, and makes it simpler to judge outliers (60). If the
sample variance are obtained from samples of the same size,
ny =ny,...,ng,...= n, the expression for the replicate vari-
ance is greatly simplified

o_Xfist _X—Ds ¥
XS X@m—-D Tk

because the number of degrees of freedom for the pooled sample
variance is equal to

k k k
Yori=Yt-D=n—k=ka-1) [39]
i=1 i=1 i=1

(37]

(38]

The estimated reproducibility variance in this case is given by

2 = Zf:l Y i — i)?
k(in —1)

[40]

If there are only two observations y;;, y;» at the point x;, then

v=2

=\2 1 2
Z(yiv — ¥ =30n—yn) [41]
v=1

and this is an easier form to compute (23). This sum of squares
has one degree of freedom (61). Thus, with only n; = 2 repli-
cates at each of the k set of conditions, the formula for the ith
variance (Equation 35) reduces (62) to

sP=-L [42]

where d; is the difference between the duplicate observations
for the ith set of conditions.
Thus, Equation 35 yields

o _ 2dt
ST =
! k

[43]

An often-used relationship (63) that can be derived from
Equation 37 is

Sy (S vp - et
Zf=1 n —k
PRIRD DHEEAED St ((Zf:n—]y)z)
. Zf:l n —k

However, the result obtained by means of Equation 44 is less
accurate (40) than that obtained by using Equation 37. As a
matter of fact, if no prior estimate of o2 is available, but re-
peat measurements of y (i.e., two or more measurements) have
been made at the same value of x, we can use these repeat
measurements to obtain an estimate of o2. Such an estimate
is said to represent “pure error” because, if the setting of x
is identical for several observations, only the random variation
can influence the results and provide differences between them.
Such differences will usually provide an estimate of o> which
is more reliable than we can obtain from any other source. For
this reason, it is sensible when designing experiments to arrange
for repeat observations. The lack of replicates also hampers the
application of outlier tests at the different levels, as well as the
evaluation of tests that compare variance estimates at different
levels (52).

The estimate of o> made from the internal consistency of
the data (i.e., from the consistency of observations within sam-
ples) is only possible if there are points in which there is
more than one observation. When there is but one observa-
tion at each point, the estimate of o> by internal consistency
(7) is not a possibility. It should be emphasized that the pool-
ing of variance estimates in accordance with Equation 35 is
justified only if we can confidently assume that all the pop-
ulations involved have a common variance 0. Should this
not be the case, then the pooling procedure degenerates into
a mere exercise in arithmetics and leads to a quantity which at
best is of nebulous meaning (64) and at worst has no meaning
at all.

52

[44]

TESTING FOR HOMOGENEITY OF VARIANCES

Modern measurement systems generally involve some kind
of instrumental response (peak area, peak height, electric cur-
rent, etc.) which is an indirect reflection of the magnitude of
the quantity being measured (11). Many analytical data show
nonuniform variance. In most cases, knowledge of variance
must be gained experimentally. One of the most evident ways of
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achieving this is by measuring a sufficient number of replicates
at each concentration x; (65-66). Knowledge of the variance of
experimental data is fundamental to optimal design and proper
analysis in many areas of investigation. The validation of the
calibration procedure, For example, involves an examination
of the behavior of the variance and of goodness-of-fit of the
selected model (11, 52). For many reasons, most of which are
of a statistical nature, it is desirable to deal with homoscedastic
data (i.e., homogeneous variance, standard structure) whenever
this is possible. The responses y;. .. y,, are independently sam-
pled, or for a lesser restriction have zero covariances, and come
from population (67) with a common variance 2. This we will
call the standard structure. The variance of y at each point x;
should be equal (i.e., constant over the whole working range
x); in other words, the errors in measuring y;, are independent
of the values of x. However, in the experimental sciences, more
often than not the error increases as the value of the measured
variable increases (68—70), that is, the variance is a function of
the factor point associated with the response. This we will call
the heteroscedastic structure (68, 71) or nonuniform variance
condition (69). However, weights are often neglected in regres-
sion methods. Nonconstant variance or heteroscedasticity often
appears in chromatography and capillary electrophoretic appli-
cations if a certain range of concentration is exceeded (71-72).
In spectrophotometric measurements, the uncertainty in the ab-
sorbance depends strongly on absorbance and on other parame-
ters of the experiment as well. Spectrophotometric absorbances
are strongly heteroscedastic (73—74). Variance function of the
response is not uniform over the concentration range in bio-
analysis (75). According to some recent (71) results, weighted
least squares saves us from nonnegligible errors when the ratio
of standard deviations s; within the x range (i.e., concentra-
tion) explored is higher than 5, while it is mandatory if it ex-
ceeds 50. If sufficient replicate measurements in xi, xo, ... X
are available it is possible to estimate 07 03 o7 separately. In
weighted regression, the observations are weigthed by a fac-
tor inversely proportional to the variance or to the deviation
standard of the y value, for example,though other sophisticated
weighting schemes can also be proposed (76). In other words,
the regression takes less notice of points with greater absolute
variation, and provides a line that passes closer to the points
with smaller variance; hence, providing a more realistic fit (19,
77). Not only does the error in many experimental techniques
vary with the values of the independent variable but it often
varies (78) from day to day and from technician to technician.
Indeed so many factors other than direct instrumental error con-
tribute to the overall error of any experimental technique that
it has become a basic precept of the experimental method that
whenever possible an experiment should be designed to include
a sufficient number of complete replicates so as to provide an
estimate of experimental error from the data within any run of
an experiment.

Testing for homogeneity of variances in linear regression
then requires (13, 79) us to arrange repeat runs at fixed val-

ues of the predictor variable x, in order to obtain estimates of
the variance of the observations at the different values of the
x variate (when the functional relationship between x and o
is not known, or if no relationship of this kind exists). In the
absence of sufficient number of replicates, a functional rela-
tionship between variance and concentration can be assumed
(65, 80-83). The random errors which are obtained by repeat-
edly measuring the same sample are caused by noise which
may be due to several factors (65, 68, 84). Often it is not clear
by inspection whether variances are heterogeneous (i.e., the
variance of the y; observations is or is not dependent on the
x variate). As there is no justification for assuming that this
spread is necessarily the same at all x levels, it is for ease of
detection of this effect that the samples are arranged in increas-
ing order of magnitude of the measured characteristic, being
instructive to examine the relationship between s; and y;(or s;
and x;) by plotting the first quantity versus the second and fitting
an equation through the data points (65). This plot may suggest
(69, 65) a proportional relationship. The variance is often as-
sumed to be linearly related to the logarithm of the estimate or
to the expected value of the variable (85). A diagnostic proce-
dure particularly designed for regression, and avoiding the need
of repeated measurements, has been developed by Cook and
Weisberg (86).

THE F TEST

The F test, so named by George Snedecor (62) in honor of
R. A. Fischer, is used for comparing two variances of the two
normal populations (two independent variates each distributed
as chi square, x?). The null hypothesis Hj : 012 = 022 is tested
by using a statistic that is in the form of a ratio of estimates,
s?/s3 (where s7 is the larger variance estimate and s3 is the
smaller variance estimate), which follows a theoretical distri-
bution known as an F distribution (one-sided test when the
alternative to the null hypothesis is 512 > sg, and a two-sided
test when the alternative is simply s7 # s3). If the computed F
exceeds the tabulated F;_,(f1, f») value, the probability that
the difference between the two variances is caused by chance
alone is smaller than the specified probability, and we are justi-
fied in rejecting the null hypothesis, with the given probability
(28) of committing a type I error, that is, the critical level has
a specifically defined false positive, unlike an undefined false
negative or type II error.

Intuitively if the variances are equal, this ratio should be ap-
proximately equal to one, so values that differ greatly from one
indicate inequality. The larger the sample the more accurately
the variance is determined the lower value of F' at which the
null hypothesis is rejected with a given probability of a cor-
rect decision. Another formal test based on an F test has been
published by Franke et al. (87) and is proposed by the ISO (88—
89). Since the variance ordinarily changes smoothly with the
response in analytical chemistry applications, ISO proposes to
carry out a one-tailed F' test checking whether the variance at
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the higher concentration level is significantly larger than at the
lowest concentration level.

F tests are robust with respect to departures from homo-
geneity, that is, moderate departures from equality of variance
do not greatly affect the F statistic. Apparently the F test,
however, is more sensitive (90) to unequal variances than to
nonnormality. When we wish to compare more than two vari-
ances to see if they differ significantly, we could apply the F
test repeatedly to all possible pairs of the set of variances. If
we have a set of k variances, the F test could be applied to
(o ,f: k(k — 1)/2 variance pairs, and if we select the 95% con-
fidence level for all comparisons, by the time the k(k — 1)/2
pairs were compared, the confidence level for making the cor-
rect decision on all k(k — 1)/2 would have dropped to only
(0.95%*=1/2y. 100%. Note, however, that the confidence level
for each comparison is still 95%. Moreover the F test, by com-
paring variances of replicates at the lowest and highest x value,
does not save us from oscillations of variance at intermediate
x level and implies large increases of cost and time of analysis
On.

To avoid this situation, there are several tests for comparing
more than two variances if the experimenter fears a great depar-
ture from homogeneity (testing for homogeneity of variances),
though unfortunately most of these rely on the assumption of
normality. The most popular test is that suggested by Bartlett
(92-94). For samples varying in size, the null hypothesis that
the respective population variances are equal can be tested by
the Bartlett test. However, if the sample variances are obtained
from samples of the same size, resort is made to the more conve-
nient and accurate Cochran’s test (95-98). Bartlett’s test has the
disadvantage of being more complicated to perform and being
very sensitive to departures from normality of distribution. A
very simple test which does not show those disadvantages has
been reported by Burr and Foster (99-100). The calculations
involved in the Burr and Foster’s test (101) are very simple,
and, in addition the test is not affected if a sample variance is
equal to zero, unlike other simple tests such as those due to
Hartley (101). Another approach is to use methods which are
insensitive to the unequal variances. Levene’s test (81) is a ro-
bust test in that it is not sensitive to the violation of normality
assumption.

BARTLETT’S TEST

The Bartlett test is a combination of a sensitive test of nor-
mality, more precisely the “long-tailedness” of a distribution,
with a less sensitive test of equality of the variances (103). It is
the only one (of the common tests) which can be used to com-
pare more than two variances whose degrees of freedom are
not equal; this means that it can manage unbalanced data sets.
Bartlett’s test is a special application of the x test, in which we
compare (104-108) the difference between the total number of
degrees of freedom times the natural logarithm of the pooled
estimate of variance, and the sum, extended over all samples, of
the product of the degrees of freedom and the natural logarithm

of the estimate of variance

k

k
B:lnszzﬁ—Z(ﬁlns}) [45]
i=1

i=1

This enables us to test the hypothesis that all the variances are
homogeneous, with k — 1 degrees of freedom, if all f; are greater
than two (28). The null hypothesis for a statistical test would
be Hy : 012 = 0’22 =...= ak2; the alternative hypothesis is H;:
at least two of the population variances are not equal. If the
calculated value of x2[B]is greater than the tabulated value at
a specified level of significance, we conclude that the variances
are not homogeneous (the level of significance represents, as
always, the probability of our having reached the wrong conclu-
sion). Nevertheless, the value of x 2 as calculated from Equation
45 is biased toward the high side so that we may wrongly re-
ject the null hypothesis. If x2 indicates acceptance, then after
correction for bias the hypothesis would be even more likely to
be correct so that we need not worry about the bias. However,
rejection at the 5% level has to be checked by calculating a
corrected value of x2, sayx2[C]. This is given by

< Xiq [46]

Al ™

_B
X[C]—C

where

1 1 1
c=1+ 3<k—1)<Z (?) - Zfi> 7]

Since C > 1 always, the null hypothesis must be accepted if
B < Xlzfa- If B > X127a Bartlett’s test is applied in full. Hartley
(109) has shown that the approximation involved in using the
x?2 distribution for the distribution of B/C is poor for small ;
and has given a modification with the necessary tables.

Often a considerable computational effort can be saved by
applying an F test to the largest and smallest variances before
Bartlett’s test. If an F test indicates that the largest variance is
not significantly different from the smallest one, then one can
reasonably assume (60) that the variances can be regarded as
homogeneous. When applied to data whose distributions are
not normal, Barlett’s test may give an erroneous verdict of non-
homogeneity (110). Because of this sensitivity to distribution,
some analysts do use it when the distributions are at least ap-
proximately normal and because other tests for homogeneity
of more than two variances whose degrees of freedom are not
equal are not very popular. Bartlett’s test was recommended by
Danzer and Currie (111) in the recent guidelines for calibration
in analytical chemistry. One should always keep in mind that
these tests are very sensitive when the number of replicates is
small. It can happen that nonuniformity of variance might not
be detected due to a lack of replicates (28).

With an equal number of replicate determinations in each
experiment, n; =np = - - - =ny = n, the total variance is equal
to the mean of the individual variances, and in these cases
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Equation (45) reduces to

B=(n— 1)<k Ins? — Zlnsiz) 48]

The rationale for the statistic x>[C] can be clearly noticed
in this case (102). Note that the numerator of x> [C], (i.e., B) is
In 10(n — 1)k times (log of the arithmetic mean of the si2 minus
log of the geometric mean of the s?). When the s? are all close
together, the arithmetic mean and the geometric mean will be
close. When the si2 are discrepant, the arithmetic mean will be
much larger than the geometric mean, and hence will lead to a
large value of B, and so, of thex 2[C].

In the Bartlett test modified for kurtosis, the statistic B of
Equation 45 is multiplied by d = 2/(g>— 1), where g, estimates
the kurtosis y, of the sets of repeats (112—113). In normally
distributed data, the true y, would be 3 and d would typically
be close to 1

_k Z?:l Dol o — y0)*
= <k ; -
Zi:l Zz=1 Yiv — Yi)z

82

COCHRAN'S TEST

Cochran’s test (56, 62, 114—115) is designed for use in situ-
ations in which the numbers of repeat determinations are equal.
It is one of several significative tests which are known as homo-
geneity of variance tests, appropriate if we suspect a single one
of the variances of being appreciably greater than the remaining
k — 1, and which share the null hypothesis that several variances
are equally variable. Bartlett’s test is sensitive to nonnormality
(56, 106) so that it cannot be relied on when the normality of
the data is seriously in doubt. Cochran’s test is particularly sen-
sitive to the case where all the variances o% are expected to be
equal, except for one variance which could be larger.

Like the F test, the Cochran test uses a ratio of variances, but
in a different manner (115). This ratio is called the G statistic.
It compares the largest of the set of variances with the other
variances in the set

G = srznax — ZZ:I (yiv B S)i)rznax
Yioist Yo Xn G = 3)?
The G distribution depends only on the number k of variances
and the degrees of freedom f with which each variance is de-
termined: f = n — 1. If the value of the Cochran statistic as
found from the sample variance is smaller than the tabulated one
G < Gi_q(n—1, k) where k is the number of variances, the dif-
ference between the variances at the selected significance level
(114) is explained by chance. Note that the test is inherently
one-sided. Cochran’s maximum variance test is recommended
by ISO 5725-2 for use in the analysis of precision experiments
(31). Theoretically this test (likely Hartley’s test) requires an
equal number of measurement points at each x level. However,
ISO indicates that for the Cochran’s test small differences in

[50]

the number of points can be ignored, and applies the Cochran
criterion for the number of measurements that occur at most
x levels (i.e., concentration level). The Association of Official
Analytical Chemists (AOAC) guidelines recommend in inter-
laboratory collaborative trials (11) a significance level of 0.025
(i.e., the critical value leaves an area of 0.025 in the right-hand
tail of the sampling distribution). Sometimes, a different num-
ber of observations is available or retained. The error introduced
with unbalanced data arrays, those containing a different num-
ber of observations (e.g., one result had been discarded) would
be small and would not have affected our decision. To over-
come this difficulty, we could have used a method for replacing
missing values. These methods can be very useful when the
data from a carefully balanced experiment is spoiled by a small
number of missing or rejected determinations (51). When the
sample sizes are not too different, one computes their harmonic
mean yy and interpolates in tables for v = yy — 1 (103). The
harmonic mean of a set of numbers is the reciprocal of the
arithmetic mean of the reciprocal of the numbers.

In most situations, Cochran’s test is equivalent to Hartley’s.
Since the Cochran test utilizes more information, it is somewhat
more sensitive (106). A very similar test (79), which is however
based on the ranges of the individual samples, is described by
Bliss, Cochran, and Tukey (116); examples and the upper 5%
bounds can be found in the original paper.

BURR AND FOSTER’S TEST
For samples varying in size, the statistics g, is built as (99,
117)
4
- iSi
: [ b A Y
(fist+---+ fist) (X fis?)

fi = n; — 1 being the degrees of freedom and f the harmonic
mean of the degrees of freedom

e F fist+ -+ fisg
=

k.
>ini (7)

If g. > g, being g the corresponding tabulated value, the null
hypothesis is rejected, the variances being regarded as hetero-
geneous.

For samples of the same size, ny = np, = --- = ny, the g,
statistics is given by

_ s fiyst Xt
) ()

the harmonic mean of the degrees of freedom being equal in
thiscaseto f =n — 1.

f= [52]

qc [53]

HARTLEY’S Fnax TEST
Hartley’s test is one of the simplest tests; it may be used
when all treatment groups are of the same size and involves
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comparing the largest sample variance with the smallest sample
variance. This is a quick test that sometimes may be used with
advantage (79). If the samples which serve as the basis for
computing the values sl.2 have equal sizes the Hy hypothesis
(a? =02 j=1,...,k)can be tested by means of the Hartley’s
Finax test (101) normality of the data being assumed.

The statistic test for the null hypothesis has the following
form:

max [sf...s?...s7]
F, = 4
" min[s?. .52 .87 4]

The random variable Fp,x has a probability distribution which
depends on k and f = n — 1 degrees of freedom. If the com-
puted value Fr,y satisfies the condition Fiax > Faxk, o We
then reject the null hypothesis Hy in favour of the alternative
hypothesis H: 02 # 02 # ... # o and the probability of mak-
ing a type I error is «.. If however, Fiax < Fraxk, f,«» there are
no grounds for rejecting the null hypothesis Hy. Because of
the sensitivity of this test to departures from normality, if Fiyax
is significant it indicates either unequal variances or a lack of
normality.

The values of Fax, k, f, a such that P (Fiax > Fraxk, f,a,)
are given in Tables (e.g., 62, 118). Tables of critical values of
Fiax are available only for the case of equal number of degrees
of freedom. The tabulation applies for up to 12 variances being
compared with 5% and 1% significance levels. The Hartley’s
Finax test is less powerful than the Bartlett’s or Levene’s tests,
and tables of critical values (119) are not as readily available
as, for example, those for F'. Nevertheless the simplicity of the
test makes it worth consideration.

If the appropriate tables of critical values are not available,
or if the degrees of freedom are unequal, we may compare our
test criterion with Ff(num),f(den)(l —ar), where fnum and fden are
the degrees of freedom of the numerator and denominator of
Frax. If't < Fium), fiden)(1 —0or), we may conclude that our value
is nonsignificant at the « level of significance since the correct
critical value always exceeds that for the ordinary F test of
two variances. Such a nonsignificant result eliminates the need
for the special tables and also the computation required for the
Bartlett’s and Levene’s (102) tests. However, a significant result
here does not necessarily stand. Of the three tests (Cochran,
Hartley, Bartlett), Bartlett’s test is the most powerful when the
alternative hypothesis is unknown and normality can be relied
on. However, all three tests are sensitive to nonnormality. The
tests of Hartley and Cochran lead to the same decisions in most
cases.

LEVENE'S S TEST

Since result of the F test can be strongly influenced even by
small deviations from the normal distribution, Levene (120) has
proposed an approximate and ingenious nonparametric proce-
dure for the equality of group variances. Levene’s test is the
one-way analysis of variace F test on |y;, — ¥;|, the absolute

deviations of the y;, from their group mean y;. This essentially
converts a test of variances into a test of means, which is rel-
atively unaffected by nonnormality. This test has been shown
to be reasonably robust to nonnormality when the sample sizes
are equal (120-121). Consider each observation’s absolute de-
viation from its group mean|y;, — y;|. In a group with small
variances observations will be clustered about group means, and
therefore the |y;, — ¥;| will be small. In contrast, in a group with
large variances, the |y;, — ¥;| will be large. Therefore, to test
for equality of group variances, Levene suggested performing
an ANOVA on the |y;, — ¥;| (122).
For each set, we define the quantities Y;, by

Y, = |yiv - )_’ll [55]

where y; =Xy;,/n;, the mean of the ith set and
(v=1,2,...,n;). We test whether or not the means of k
sets of Y's are significantly different, since these are propor-
tional to the sample variances. Compare the “between groups”
mean square with the “within groups” mean square via an F
test. The appropriate F statistic, T, is then (23)

S (Y= )2k — 1)
S (Y = T2 i —k

T =

[56]

where

Y= Yu/n [57]
i=1
k n;

k
Y:ZZYiv/Zni—k [58]
i=l1

i=1 v=I

Under Hy, T is approximately distributed as Fy_;, x,,—«. Hence
we reject Hy, the hypothesis that the variances are equal, at
the significance level a if T > Fy_1 s, -k, 1—. Here, we are
performing a one-way analysis of variance on the Y’s. One dif-
ficulty, however, is that Y’s are not normally distributed, but this
is not too important since the analysis of variance test is robust
to nonnormality. Another difficulty is that the Y values within a
set are not independent because each is derived using the same
set mean. However, it has been shown that this departure from
the proper conditions for one-way analysis of variance causes
only a very small disturbance unless the number of observations
in the various set is very small.

Various modifications of Levene’s test have been proposed
and investigated. Brown and Forsythe (123) suggested using the
absolute deviations from the group medians, which is a more
robust estimation of location, as an alternative to the mean in
computing the absolute deviations. O’Brien proposed a test that
is basically a modification of Levene’s Yizv using a dispersion
variable (124). Levene’s test using group medians is more ro-
bust than the Levene test when groups are unequal in size and
the absolute deviation scores (deviations from the group means)
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are highly skewed, causing violation of the normality assump-
tion. It has been shown that, asymptotically, Levene’s test has
the correct level whenever the estimate of group “center” is an
estimate of group median (125-126). Seven tests of equality
of variances have been compared in terms of robustness and
power in a simulation experiment with small-to-moderate sam-
ple sizes. It was found that the Levene test and the Bartlett test
with kurtosis adjustment are robust. Among them, the bootstrap
version of the Levene test tends to have the higher power (127).

TEST BASED ON THE COMPARISON OF THE RANGES

This is one of the simplest tests (128—130). Itinvolves the cal-
culation of the range between the highest and lowest responses
y; reported for each x; and calculating the ratio

Rmax
C =
Ri+R+...+ R

[59]

where R, R,, ... Ry are the ranges for each of k samples and
Riax 1s the largest range. This test can be applied with as few
as two replicates at each x; value, but is more reliable and sen-
sitive when a greater amount of replication is available. When
the calculated ratio exceeds the tabular value for a 0.05 sig-
nificance level, we reject the hypothesis that the variances are
homogeneous.

A rapid test based on the quotient of the largest and the
smallest ranges was introduced by Leslie and Brown (131). The
upper critical limits for four significance levels can be found in
the original work.

CONCLUDING REMARKS

The analytical literature, surprisingly, rarely describes im-
portant statistical details related to the processing of data
in regression analysis with replicate measurements. Linear
least squares, however, require repeated observations in or-
der to properly verify homogeneity of variances and linearity.
Weighted regression is a way of preserving the conceptual sim-
plicity of linear models. As a matter of fact, the idea behind the
weighted least squares is to attach the most importance to the
data that are measured with the greatest precision. If enough
large samples with replication are available, then within group
variances may be used to provide approximate weights. An
obvious weighting factor, therefore, is simply inversely propor-
tional to the variance of the response at each x;. Nevertheless,
this approach can be unreliable if the number of observations
n; at each x; are small because these estimated weights can be
poor characterizations of the truth. Anyway, this danger can
be avoided if a function can be found which models the vari-
ance. Our ability to detect departures from random scatter will
be much improved if, instead of plotting the raw data, we use
residual plots for model validation.

Formal tests for testing homogeneity of variances of repli-
cate measurements of y at each x; exist, but all have drawbacks.
As Box (110) noted, “To make the preliminary test on variances

is rather like putting to sea in a rowing boat to find out whether
conditions are sufficiently calm for an ocean liner to leave port!”
It can be difficult in practice to tell whether significant F test
values are due to heterogeneity of variance or to the fact that
the populations are not normal. Cochran’s test is recommended
by ISO even in case of unbalanced data sets. The Bartlett test is
dependent on meeting the assumption of normality and there-
fore Levene’s test has now largely replaced it. Levene’s test is
the usual F test for equality of means computed on pseudo-
observations, which one defines as the absolute deviations of
the data from an estimate of the group “center.” A more robust
test very similar to the Levene test has been proposed by Brown
and Forsythe (123). Instead of performing the ¢-test for mean
differences on the deviations from the mean, one can perform
the analysis on the deviations from the group medians. Most
software packages can give you measures for homogeneity of
the variance, though they are not included in linear regression
analysis with replicated data.

The slope and intercept of a weighted regression line are
often very similar to those obtained when unweighted calcu-
lations are applied to the same data; an analyst who ignores
nonconstant variance will not sacrifice much statistical reliabil-
ity in the mid-range of the curve. However, only the weighted
line provides proper estimates of standard deviations and con-
fidence limits when the weights vary significantly with x;. An
increased number of measurements at the low end of the con-
centration range can offset both the effects of nonlinearity and
heteroscedasticity as they will weight the least squares function
in favor of reducing the residuals at this extreme of the curve.
Weighted regression calculations on the other hand must also
be used when curvilinear data are converted into rectilinear data
by a suitable algebraic transformation.
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